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We study different notions of quantum correlations in multipartite systems of distinguishable
and indistinguishable particles. Based on the definition of quantum coherence for a single particle,
we consider two possible extensions of this concept to the many-particle scenario and determine
the influence of the exchange symmetry. Moreover, we characterize the relation of multiparticle
coherence to the entanglement of the compound quantum system. To support our general treatment
with examples, we consider the quantum correlations of a collection of qudits. The impact of local
and global quantum superpositions on the different forms of quantum correlations is discussed. For
differently correlated states in the bipartite and multipartite scenarios, we provide a comprehensive
characterization of the various forms and origins of quantum correlations.
I. INTRODUCTION
Since its discovery, the quantum superposition princi-
ple has been used to explain a number of observations
which are incompatible with classical physics [1]. Such
superpositions lead to quantum interferences which, for
example, confirm the wave nature of electrons [2]. Even
the phenomenon of entanglement can be assigned to non-
local superpositions of quantum states [3]. In addition,
quantum treatment of multiple indistinguishable parti-
cles yields wave functions which have to satisfy an ex-
change symmetry, also leading to superpositions. That
is, the joint state of bosons or fermions is a symmetric
or antisymmetric linear combination, respectively, of all
permutations of the single-particle states [4, 5]. Aside
from their fundamental character, quantum interferences
also result in resources which can be exploited for quan-
tum technologies [6, 7]. For instance, the basic carrier of
a bit of quantum information is the qubit, which can be
an arbitrary superposition state beyond classical truth
values [8]. Hence, the characterization of quantum in-
terferences is vital to get a deeper insight into quantum
phenomena and their practical application.
To compare classical and quantum characteristics of a
system, the concept of a classical state has to be speci-
fied to classify the resources for quantum protocols [6, 8].
One approach to achieve this is the introduction of the
notion of quantum coherence [9, 10]. The main idea is
that one identifies reference states which have properties
that are compatible with a classical model. Whenever
the state is not in the family of classical states, it is in-
compatible with the considered classical model and, thus,
certifies some quantum characteristics. For example, co-
herent states, as introduced by Schro¨dinger, were shown
to exhibit a resemblance to a classical harmonic oscillator
[11]. This had a remarkable impact on the development
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of quantum optics [12–14] and has been further general-
ized to nonlinear scenarios [15–17]. The classification of
the quantum coherence of a system has recently gained
a lot of attention since it describes a rather general ap-
proach and can be applied to many physical scenarios. To
quantify the quantumness of a system, different quantum
coherence measures have been introduced (see, for exam-
ple, Refs. [9, 10, 18, 19]). It is worth pointing out that
for an unambiguous quantification, the importance of su-
perpositions has been additionally demonstrated [18].
Different instances of quantum coherences have been
compared and analyzed, e.g., in Refs. [20–22]. For in-
stance, it has been shown that quantum coherence can
be used as a resource to generate quantum entanglement
[23, 24]. This especially leads to a one-to-one transfer of
single-mode nonclassical correlations to entanglement in
quantum optics [25]. Moreover, the joint description of
quantum coherence in multipartite systems has been re-
cently studied for the cases in which the subsystems are
connected to different classical models [26], which was
also experimentally applied in Ref. [27]. In this context,
it was also shown that entanglement is always one form of
quantum coherence, independently of the classical model.
To identify entanglement, various criteria for its detec-
tion have been formulated [28, 29]. Among the most es-
tablished approaches is the method of entanglement wit-
nesses [30, 31]. It allows one to certify entanglement by
means of Hermitian operators which have specific proper-
ties, and it has been applied to different experimental sce-
narios, e.g., in Refs. [32–35]. Moreover, techniques have
been formulated which allow for the systematic construc-
tion and optimization of entanglement witnesses from
general observables [36, 37]. This technique has been ex-
perimentally applied to identify entanglement by means
of nonlocal superpositions [38] or to characterize complex
forms of multipartite entanglement [39, 40].
Because of the impact of the exchange symmetry on
the formulation of a quantum state, already the defini-
tion of entanglement in systems of identical particles is
challenging and the subject of an ongoing debate [41, 42].
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2Still, it has been shown that entanglement of indistin-
guishable particles can be transformed into entanglement
of distinguishable degrees of freedom [43, 44]. Also, the
construction of witnesses has been generalized for study-
ing bosonic and fermionic entanglement [45–48].
Thus, the individual forms of quantum correlations
have been frequently studied. However, their interplay
has not been investigated in a unified framework so far.
Hence, we aim to address such mutual influences of dif-
ferent forms and origins of quantum coherence.
In this paper, we perform a joint characterization
of quantum coherence, entanglement, and the exchange
symmetry of multiparticle quantum systems. We com-
pare those notions of quantumness and exploit their rela-
tion. By constructing a number of comprehensive exam-
ples, we discuss the impact of local and global quantum
superpositions on the quantumness of the individual sub-
systems as well as the joint system. In particular, the in-
fluence of the exchange symmetry of boson and fermions
is considered. Based on the introduction of a directly ac-
cessible witnessing approach for different forms of quan-
tum coherences, we quantify the operational strength of
the quantum correlations for a system of qudits.
The structure of this contribution is as follows. In Sec.
II, we give a brief introduction to the methods used in
this work, and it is followed by an intermediate classi-
fication of the studied forms of quantum coherence. In
Sec. III, we elaborate two concept of generalizing quan-
tum coherence from the single-particle to the multiparti-
cle scenario, which includes the cases of distinguishable
and indistinguishable particles. Collections of qudits are
characterized and extensively discussed in Sec. IV to
exemplify our general findings. We summarize and con-
clude our work in Sec. V.
II. PRELIMINARIES
In this section, we recall the concept of incoherent
states, which is typically used to define the reference of
classical density operators of a single particle. We also
formulate an approach to probe nonclassical correlations
based on observable criteria. In the second part of this
section, we briefly summarize the treatment of many in-
distinguishable particles in quantum physics. Eventually,
we further motivate the main aim of this work.
A. Witnessing quantum coherence
Let us consider a set of pure classical states C, which is
a closed subset of H. The notion “classical” can have dif-
ferent meanings when considering different physical sce-
narios. One particular example is specified later. For
the time being, let us keep this concept as general as
possible. A convex-hull construction allows us to gener-
alize classical states from pure states, |c〉 ∈ C, to mixed
ones [49]. Including classical statistical correlations, this
defines the set of incoherent states ρ ∈ I, with
ρ =
∫
|c〉∈C
dP (|c〉)|c〉〈c|, (1)
where P is a probability distribution; see Ref. [6] for a
recent review. A state which is not a mixture of pure
classical states, % /∈ I, will be denoted as a quantum
correlated state throughout this work. Such a state %
exhibits quantum features which are inconsistent with
the concept of classicality under study.
One way to infer quantum correlations is given in terms
of measurable observables L. For such a bounded, Her-
mitian operator L, one can compute the upper bound
of its expectation value for classical states, gmax =
supρ∈I tr[ρL]. Due to the convexity of I and the gener-
ation of I via the pure states in C, one can also directly
write the bound gmax in the form
gmax = sup
|c〉∈C
〈c|L|c〉. (2)
Therefore, whenever a state % yields an expectation value
〈L〉 = tr[%L] which overcomes this bound,
〈L〉 > gmax, (3)
we have certified the quantum correlation of %.
Moreover, it is worth mentioning that for any % /∈ I,
there exists an observable L which can identify its quan-
tum correlations based on the above criterion (3). This
is a direct application of the Hahn-Banach separation
theorem [50], and it has similar applications. For ex-
ample, such a separation of sets of classical states from
quantum correlated ones via Hermitian operators has
been discussed in the context of entanglement witnesses
[30, 31, 51]. Here, a witness for the studied forms of
quantum correlations can be written as
W = gmaxI− L, (4)
where I is the identity. The quantum correlation con-
dition (3) implies that for all classical states 〈W 〉 ≥ 0
holds. Consequently, 〈W 〉 < 0 uncovers quantum coher-
ence. For instance, if the classical states are considered
to be coherent states of an optical mode, one obtains
witnesses to probe nonclassical light [52].
As already mentioned, a similar method was used to
construct entanglement criteria [36, 37, 48]. In this sce-
nario, the set I of classical states includes all separa-
ble states [53], I = I(sep). The underlying optimization
problem that has to be solved to obtain the correspond-
ing bound (2) for separable states, gmax = g
(sep)
max , was
derived in Refs. [36, 37, 48] and is also briefly presented
in the Appendix. This method is used in this work for
identifying entanglement.
For the verification of quantum coherence of a pure
state |ψ〉 (〈ψ|ψ〉 = 1), one can alternatively compute the
fidelity with classical states,
F (|ψ〉) = sup
|c〉∈C
|〈c|ψ〉|. (5)
3The fidelity is one, F (|ψ〉) = 1, if and only if |ψ〉〈ψ| ∈ I
(equivalently, |ψ〉 ∈ C). If the fidelity is smaller than
one, F (|ψ〉) < 1, we have |ψ〉〈ψ| /∈ I. In terms of the
condition (3), we can therefore define the test operator
L = |ψ〉〈ψ|. (6)
In this case, we get the expectation value 〈ψ|L|ψ〉 = 1,
and the bound gmax is given by
gmax = F (|ψ〉)2. (7)
Thus, we have 〈L〉 = 1 > gmax = F (|ψ〉)2 if and only if
the state |ψ〉 is quantum correlated, |ψ〉 /∈ C. Also note
that such a rank-one operator L can be applied to arbi-
trary states % as well, which yields the sufficient quantum
correlation condition 〈ψ|%|ψ〉 > F (|ψ〉)2.
B. Multiparticle description
In order to describe two- and multiparticle systems, we
briefly recapitulate the standard notation of multipartite
systems [5]. For multiple distinguishable particles, one
applies the tensor product ⊗ to describe the joint system.
For example, |a〉 ⊗ |b〉 ∈ H⊗2 describes a two-particle
product state without any exchange symmetry.
In the case of two bosons, one uses symmetric tensor-
product states. Such states are defined through
|a〉 ∨ |b〉 ∼= |a〉 ⊗ |b〉+ |b〉 ⊗ |a〉 ∈ H∨2 ⊂ H⊗2. (8)
We use the symbol “∼=” to indicate that a proper normal-
ization has to be performed; that is, the left- and right-
hand sides are identical up to a normalization constant.
Note that we can also have |a〉 ∨ |a〉 ∼= |a〉 ⊗ |a〉. This
type of symmetric tensor product ∨ is used to describe
indistinguishable particles, which have a symmetric (i.e.,
positive) exchange symmetry.
For fermions, the skew-symmetric tensor product ∧ is
applied. For instance, a bipartite state can be written as
|a〉 ∧ |b〉 ∼= |a〉 ⊗ |b〉 − |b〉 ⊗ |a〉 ∈ H∧2 ⊂ H⊗2. (9)
Here, we have |a〉 ∧ |a〉 = 0 (the null vector). Identify-
ing |a〉 and |b〉 with wave functions, the skew-symmetric
tensor product (9) relates to the well-known Slater de-
terminant, describing the antisymmetric (i.e., negative)
exchange symmetry of fermions.
For the general N -mode case, it is convenient to intro-
duce an (anti)symmetrization projection operator,
Π± =
1
N !
∑
σ∈SN
(±1)|σ|Pσ, (10)
where SN is the permutation group and (−1)|σ| is the
parity of the permutation σ. Each permutation operator
Pσ exchanges the subsystems according to σ ∈ SN , which
means Pσ[|x1〉⊗· · ·⊗|xN 〉] = |xσ[1]〉⊗· · ·⊗|xσ[N ]〉. Hence,
for the two-particle example, the product states in Eqs.
(8) and (9) can be alternatively written as
|a〉 ∨ |b〉 ∼=Π+[|a〉 ⊗ |b〉]
and |a〉 ∧ |b〉 ∼=Π−[|a〉 ⊗ |b〉], (11)
respectively.
C. Origins of quantum correlations
In this work, we characterize quantum superposition
effects, i.e., quantum coherences, which can have different
origins (see Fig. 1). In a single-mode system, we can have
quantum superpositions of pure classical states, such as
|ψ〉 ∼= |c1〉+ |c2〉, (12)
for linearly independent |c1〉, |c2〉 ∈ C. Besides local su-
perposition, we might also have global superpositions in
multipartite systems of distinguishable particles, which
resemble the phenomenon of entanglement [26]. Also, the
exchange symmetry of indistinguishable particles can be
another reason for the occurrence of superpositions [see
Eqs. (8) and (9)].
Hence, our objective is to identify the possible source of
quantum superpositions, which are in our case the afore-
mentioned local superpositions, entanglement, and the
exchange symmetry. This is achieved by detecting quan-
tum interferences based on the previously formulated test
criteria. To discern between the cases of distinguishable
particles, bosons, and fermions, we use the superscripts
(0), (+), and (−), respectively, to indicate which notion
is studied (see Fig. 1).
FIG. 1. (Color online) The interplay of different origins of
multiparticle quantum correlations is schematically outlined
in (a). The considered types of particles together with the
underlying tensor products and the signs used for their iden-
tification are listed in (b).
4III. QUANTUM COHERENCE IN
MULTIPARTICLE SYSTEMS
Now, let us study how to generalize the concept of
quantum correlations from a single particle to multiple
particles. In the first step, distinguishable particles are
considered before studying bosons and fermions. Fur-
ther on, the relation to entanglement is considered. This
eventually leads to a discussion of the known problem of
how to define entanglement for indistinguishable particles
and its generalization to quantum coherence. Finally, the
quantum correlations are specified for uncovering the dif-
ferent types of quantum effects.
A. Distinguishable particles
Multimode incoherent states are elements of the clo-
sure (with respect to the trace norm) of the convex span
of product incoherent states,
I(0) = conv{ρ1 ⊗ · · · ⊗ ρN : ρj ∈ Ij for j = 1, . . . , N},
(13)
for given notions of single-particle incoherent states ρj ∈
Ij for the subsystems j = 1, . . . , N . Equivalently, one
could start with the pure states and define [54]
C(0) = {|c1〉 ⊗ · · · ⊗ |cN 〉 : |cj〉 ∈ Cj for j = 1, . . . , N},
(14)
which leads to the same set I(0) of incoherent and pos-
sibly mixed states. Let us stress that the superscript
(0) indicates that distinguishable particles are currently
considered. For the following generalization of this con-
cept to indistinguishable particles, we assume that the
individual concepts of classical states are identical for all
subsystems,
C1 = · · · = CN = C. (15)
Again, any state % which is not a statistical mixture of
classical states, % /∈ I(0), refers to a (multiparticle) quan-
tum correlated state.
As we will demonstrate, quantum coherence can stem
from local quantum correlations, which have their origin
in single-particle nonclassicality, as well as from global
quantum correlations, requiring a multimode description.
In particular, entangled states are examples of quantum
correlated states which include global quantum correla-
tions [26]. To show this, we can make the simple ob-
servation that the definition (14) implies that C(0) solely
includes N -particle tensor-product states. If N = 2 and
|a〉, |b〉 ∈ C are linearly independent classical states, we
can therefore conclude that
|φϕ〉 ∼= |a〉 ⊗ |b〉+ eiϕ|b〉 ⊗ |a〉 (16)
is two particle quantum correlated and that this nonclas-
sicality is due to entanglement for all phases, 0 ≤ ϕ < 2pi.
B. Indistinguishable particles
As mentioned earlier, the (anti)symmetrization, em-
ployed to describe (fermions) bosons, can be obtained
by applying the permutation operator Π± in Eq. (10).
Therefore, the symmetric and skew-symmetric general-
izations of multimode classical states can be given as
C(±) ∼= Π±C(0). (17)
The mixed, incoherent states in systems of indistinguish-
able particles are consequently labeled as I(±). At first
sight, this definition seems to be the natural extension of
the concept of quantum coherence from distinguishable
particles to indistinguishable ones. However, let us criti-
cally reconsider this, which was analogously done for the
different notions of entanglement of bosons and fermions
[42].
Applying the definition (17), the states |a〉 ∨ |b〉 and
|a〉 ∧ |b〉 turn out to be classical for any linearly indepen-
dent pair |a〉, |b〉 ∈ C. Yet, for the case of distinguishable
particles and in connection with the state in Eq. (16) for
eiϕ ∈ {+1,−1}, we also have discussed that these states
are quantum correlated. Thus, we can say that the ques-
tion of existing multiparticle quantum correlations for a
given quantum state can have different answers, depend-
ing on how the joint system is composed. On the one
hand, this means that depending on whether or not the
exchange symmetry is included in the definition of the
multiparticle classical reference, we find that
(i) the states |a〉 ∨ |b〉 and |a〉 ∧ |b〉 are classical with
respect to C(±),
(ii) or |a〉 ⊗ |b〉 ± |b〉 ⊗ |a〉 are quantum correlated with
respect to C(0),
even though they describe the same state. On the other
hand, this difference can be a helpful tool to identify
superpositions stemming from the exchange symmetry.
For instance, if we have a state % for which % /∈ I(0) and
% ∈ I(±) hold, we can conclude that interferences are a
consequence of indistinguishability.
C. Entanglement
As a first, trivial example, we consider the case that
all single-particle states are classical, C ∼= H. Then, def-
inition (14) implies that the incoherent states are exclu-
sively the separable ones and entangled states are quan-
tum correlated [53]. Even in this simplified case, which
cannot exhibit local (i.e., single-particle) quantum cor-
relations, we can have global quantum correlations (i.e.,
entanglement) [26, 55].
Again, the state (16) is entangled with respect to the
tensor product, |φϕ〉 /∈ C(0) for eiϕ = ±1, using the stan-
dard definition of entanglement [53]. Using ∨ and ∧ as a
5basis to define entanglement [46, 56], these state are sep-
arable, |φ0〉 ∈ C(+) and |φpi〉 ∈ C(−). In the latter inter-
pretation, the exchange symmetry of bosons and fermions
cannot lead to entanglement.
Hence, depending on option (i) or (ii), we do not or
do have quantum correlations, even for our trivial choice
that all single-particle states are classical, C ∼= H. Both
concepts, the state (16) for ϕ = 0, pi is either insepa-
rable (using ⊗) or separable (using ∨ or ∧), have been
discussed, used, and compared in the literature [42, 57].
The question of which of those interpretations is correct
is still open, and it might not even have a definitive an-
swer. Here, we compare both possibilities and draw the
corresponding conclusions for each of the notions inde-
pendently, without any personal preference.
Besides options (i) and (ii), we can ask ourselves if the
exchange symmetry can be used to generate quantum
correlations. Or can superpositions stemming from the
exchange symmetry be activated? In Refs. [43, 44], it
was already shown that superpositions originating from
the (anti)symmetrization can be converted into entan-
glement of distinguishable degrees of freedom. Since en-
tanglement is always one form of quantum correlations
for all sets C of single-mode classical states and distin-
guishable particles, one can conclude that superpositions
resulting from the exchange symmetry can be (at least)
converted into a physically relevant form of quantum co-
herences. Furthermore, it is noteworthy that any local
form of quantum coherence can be transformed into en-
tanglement [24].
D. Unified witnessing of different origins of
quantum correlations
In order to probe which quantum effect might be
present in a given state, we now formulate unified cri-
teria. We can apply the general condition (3), including
the bound (2), for the different origins of quantum cor-
relations. Such criteria for a given observable L read
〈L〉 > g(0)max,
〈L〉 > g(±)max,
〈L〉 > g(sep,0)max ,
〈L〉 > g(sep,±)max .
(18)
Here, the bounds determine the quantum correlation
under consideration. The criterion which includes the
bound g
(0)
max probes general quantum coherence regard-
less of the exchange symmetry. The criterion based on
the bound g
(±)
max verifies quantum coherence and excludes
effects originating from the exchange symmetry. When
we want to exclude local coherence, we can detect global
quantum coherences with the criterion using g
(sep,0)
max ; it
verifies inseparability for distinguishable degrees of free-
dom. Finally, entanglement which is not a result of the
symmetrization postulate for bosons or fermions is certi-
fied with the condition applying the bound g
(sep,±)
max .
Hence, the quantum correlation tests (18) allow for the
unified determination of quantum effects. Moreover, they
also enable us to infer the origin of quantum correlations
with a single observable. For instance, if quantum cor-
relations are verified by the first condition, 〈L〉 > g(0)max,
and no entanglement is detected, 〈L〉 ≤ g(sep,0)max , we can
conclude that the verified forms of quantum correlations
in terms of the operator L describe local effects and not
global ones. Another example could be the successful
identification of quantum correlations in the sense of dis-
tinguishable particles, 〈L〉 > g(0)max, but for indistinguish-
able particles, the test fails, 〈L〉 ≤ g(±)max. This means
that the detected quantum coherence originates from the
exchange symmetry.
Let us emphasize that 〈L〉 ≤ gmax does not exclude
quantum correlations. Another choice of operator, say
L′, might lead to 〈L′〉 > g′max. Hence, we consis-
tently speak about the detectable quantum correlations
in terms of a given measurement L. Still, we already
pointed out earlier that quantum correlations of a pure
state |ψ〉 are present if and only if they can be verified in
terms of L = |ψ〉〈ψ|.
IV. APPLICATION: QUDITS
In the previous section, we compared the notion of
quantum coherence in multipartite systems of distin-
guishable particles as well as bosons and fermions in gen-
eral. In this section, we apply the previously formulated
concepts to a specific example. States are constructed
such that the different interpretations of quantum cor-
relations in multiparticle systems lead to different con-
clusions. Such considerations also clarify some rather
abstract points mentioned previously.
The scenario we are going to study is described via
a d-dimensional, single-particle Hilbert space H. In a
classical d-level system, a pure classical particle can take
one of the integer values k = 0, . . . , d − 1. Thus, the
following orthonormal basis of H defines the set of pure
classical states:
C = {|k〉 : k = 0, . . . , d− 1}. (19)
Statistical fluctuations allow for describing the incoher-
ent mixed states in I of this qudit system via Eq. (1),
ρ ∈ I ⇔ ρ =
d−1∑
k=0
pk|k〉〈k|, (20)
for pk ≥ 0 and
∑
k pk = 1.
For the following investigations, it is worth pointing
out that dimH⊗N = dN , dimH∨N = (N+d−1N ), and
dimH∧N = ( dN). Especially for the latter case, we get
6zero dimensionality for d < N . Thus, we assume for con-
venience that d is sufficiently large. In principle, H could
also be an infinite-dimensional system, i.e., d =∞.
A. Incoherent multi-qudit states
In order to formulate the incoherent density operators
for multiple qudits, we need to formulate the pure, classi-
cal, and normalized states by applying the different def-
initions for distinguishable particles [Eq. (14)] and in-
distinguishable ones [Eq. (17)]. For the former case, we
directly get the elements of the set C(0) as
|k1〉 ⊗ · · · ⊗ |kN 〉, (21)
for 0 ≤ kj ≤ d− 1 and j = 1, . . . , N.
For antisymmetric fermions, we find that all normalized
states in C(−) take the form
√
N !Π− [|k1〉 ⊗ · · · ⊗ |kN 〉] = |k1〉 ∧ · · · ∧ |kN 〉√
N !
, (22)
for 0 ≤ k1 < . . . < kN ≤ d− 1.
An example is the bipartite (N = 2), skew-symmetric
product state |0〉 ∧ |1〉/√2! = (|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)/√2.
Analogously, for the symmetric case of bosons, the set
C(+) is completely determined by the normalized states√
N !
N0! · · ·Nd−1!Π+ [|k1〉 ⊗ · · · ⊗ |kN 〉] (23)
=
|k1〉 ∨ · · · ∨ |kN 〉√
N !N0! · · ·Nd−1!
, for 0 ≤ k1 ≤ . . . ≤ kN ≤ d− 1,
where we additionally define Nk, which counts how of-
ten a given value k ∈ {0, . . . , d − 1} occurs in the tuple
(k1, . . . , kN ),
Nk = |{kj : kj = k for j = 1, . . . , N}|. (24)
A tripartite (N = 3) example is |0〉 ∨ |0〉 ∨ |1〉/√3!2!1! =
(|0〉⊗|0〉⊗|1〉+|0〉⊗|1〉⊗|0〉+|1〉⊗|0〉⊗|0〉)/√3, which is
a symmetric tensor product ∨ of N0 = 2 times the state
|0〉 and N1 = 1 times |1〉. Mixtures of those pure states
[see Eq. (1)] extend the definition of classicality to mixed
quantum states in an N -particle system of qudits.
B. Detection of multiparticle quantum correlations
To probe the quantum coherences via the general cri-
terion (18) and applying the technique from Sec. II A,
we may expand any operator L as
L =
d−1∑
k1,...,kN ,l1,...,lN=0
L(k1,...,kN ),(l1,...,lN )
× |k1〉〈l1| ⊗ · · · ⊗ |kN 〉〈lN |.
(25)
Using the above definitions of classical states for the dif-
ferent scenarios of compositions, we get the following
bounds for classically correlated states:
g(0)max = max
k1,...,kN
[
L(k1,...,kN ),(k1,...,kN )
]
, (26)
g(−)max = max
k1<...<kN
[
1
N !
∑
σ,τ∈SN
(−1)|σ|+|τ |
× L(kσ[1],...,kσ[N]),(kτ[1],...,kτ[N])
]
, (27)
g(+)max = max
k1≤...≤kN
[
1
N !N0! · · ·Nd−1!
×
∑
σ,τ∈SN
L(kσ[1],...,kσ[N]),(kτ[1],...,kτ[N])
]
. (28)
Let us stress again that g
(0)
max yields quantum correla-
tions in terms of tensor-product states, and g
(±)
max is the
bound for the products which include the corresponding
exchange symmetry of bosons and fermions.
C. A single particle
Before considering multiparticle examples, we briefly
discuss a single qudit first. We directly get the bound of
classical states for a given observable L =
∑
k,l Lk,l|k〉〈l|,
gmax = max
k=0,...,d−1
Lk,k (29)
[see also Eq. (2)]. For instance, as discussed in Sec. II A,
the quantum correlations of a superposition state
|sk,l〉 = |k〉+ |l〉√
2
(30)
for k 6= l can be probed via the operator
L = |sk,l〉〈sk,l|. (31)
This yields the expectation value 〈sk,l|L|sk,l〉 = 1 and
the bound for classical qudit states gmax = 1/2. The
criterion (3) is satisfied, 〈sk,l|L|sk,l〉 > gmax. Therefore,
single-particle quantum correlations of the superposition
state (30) are detected.
Based on criterion (3) and motivated by the construc-
tion of entanglement monotones in terms of entanglement
witnesses [58, 59], we can additionally define the param-
eter
Γ = max
{ 〈L〉 − gmax
gmax
, 0
}
(32)
for gmax 6= 0. If quantum correlations are detected via
criterion (3) for an observable L, we have Γ > 0. In other
words, the parameter (32) quantifies the relative strength
7of the verified quantum correlations. For the single-qudit
state (30) and the test operator (31), we get a relative
strength of Γ = 1. This single-qudit case presented here
is certainly a trivial one, but it demonstrates the general
proceeding in this section when discussing more complex
scenarios.
D. Two particles
Let us consider several examples of bipartite (N = 2)
quantum coherence. We especially demonstrate how lo-
cal and global quantum coherences are affected by en-
tanglement and the exchange symmetry. For this reason,
we define a number of quantum correlated states |ψ〉 and
then apply the corresponding test operator L = |ψ〉〈ψ|,
which results in the expectation value 〈ψ|L|ψ〉 = 1.
Then, we list the classical bounds for classical states
g
(s)
max for distinguishable particles, bosons, and fermions
(s = 0,±) using Eqs. (26), (27), and (28), respectively.
Also, the bounds g
(sep,s)
max for separable states, presented
in the Appendix, are also given to probe entanglement.
Finally, we discuss the conclusions in some detail.
In order to classify different forms of quantum corre-
lated states, we may list characteristic representatives.
The states to be characterized are
|ψ(0)1 〉 =|0〉 ⊗ |s1,2〉,
|ψ(±)1 〉 =
|0〉 ⊗ |s1,2〉 ± |s1,2〉 ⊗ |0〉√
2
,
|ψ(0)2 〉 =|s0,1〉 ⊗ |s2,3〉,
|ψ(±)2 〉 =
|s0,1〉 ⊗ |s2,3〉 ± |s2,3〉 ⊗ |s0,1〉√
2
,
|ψ(0)3 〉 =
|0〉 ⊗ |1〉+ |2〉 ⊗ |3〉√
2
,
|ψ(±)3 〉 =
|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉+ |2〉 ⊗ |3〉 ± |3〉 ⊗ |2〉
2
,
(33)
where the definition (30) for the states |sk,l〉 is used. In
Table I, we give the bounds for the different concepts of
classicality under study. In the following, we classify the
quantum correlations of the bipartite states (33). Based
on the parameter Γ [Eq. (32)], we specifically focus on
the comparison of the impact of entanglement and the
exchange symmetry on the quantum coherence. Note
that for the given examples, a smaller bound implies a
larger relative correlation parameter.
The state |ψ(0)1 〉 is a product state, Γ(sep,0) = 0, and
its quantum correlations are therefore completely deter-
mined by the nonclassicality (Γ(0) = 1 > 0) of the sin-
gle qudit. In fact, its form |ψ(0)1 〉 = |0〉 ⊗ |s1,2〉 indi-
cates that we have only local quantum superposition (see
also the single-qudit example in Sec. IV C). The second
state, |ψ(±)1 〉, is an (anti)symmetric version of |ψ(0)1 〉, i.e.,
|ψ(±)1 〉 ∼= Π±|ψ(0)1 〉. Because of the exchange symmetry,
TABLE I. Bounds for operators L = |ψ〉〈ψ| for the vectors
|ψ〉 in Eq. (33). Here, n.a. (not applicable) indicates that the
given vector is not in the considered symmetric or antisym-
metric subspace.
Vector g
(0)
max g
(±)
max g
(sep,0)
max g
(sep,±)
max
|ψ(0)1 〉 1/2 n.a. 1 n.a.
|ψ(±)1 〉 1/4 1/2 1/2 1
|ψ(0)2 〉 1/4 n.a. 1 n.a.
|ψ(±)2 〉 1/8 1/4 1/2 1
|ψ(0)3 〉 1/2 n.a. 1/2 n.a.
|ψ(±)3 〉 1/4 1/2 1/4 1/2
we can observe an increase of quantum coherence with
respect to ⊗, Γ(0) = 3 > 1. However, when including the
exchange symmetry in the definition of multimode clas-
sical states C(±), we get the same amount of correlations,
Γ(±) = 1 for |ψ(±)1 〉, as we got for the asymmetric state
|ψ(0)1 〉. In addition, there is no entanglement for |ψ(±)1 〉
when considering ∨ and ∧, Γ(sep,±) = 0. However, entan-
glement with respect to ⊗ can be observed, Γ(sep,0) = 1,
for this (anti)symmetric state (see Sec. III C).
The state |ψ(0)1 〉 was shown to exhibit only local quan-
tum coherences. More specifically, its definition as
|0〉⊗|s1,2〉 suggests that we have one-sided superpositions.
For comparison, the separable state |ψ(0)2 〉 = |s0,1〉⊗|s2,3〉
(Γ(sep,0) = 0) shows two-sided, local quantum correla-
tions, Γ(0) = 3 > 0. Its (anti)symmetric version |ψ(±)2 〉
includes quite strong quantum coherences for the dis-
tinguishable and indistinguishable cases, Γ(0) = 7 and
Γ(±) = 3. Again, we either can or cannot observe entan-
glement of the state |ψ(±)2 〉, depending on the choice of
the tensor product, Γ(sep,0) = 1 and Γ(sep,±) = 0.
Finally, we study the states |ψ(0)3 〉 and its projec-
tion |ψ(±)3 〉 ∼= Π±|ψ(0)3 〉 onto the subspace of bosons or
fermions. The quantum coherences of these states are
completely determined by entanglement because we have
Γ(s) = Γ(sep,s) = 1 > 0 for the applicable values of
s ∈ {0,±}. Hence, we can say that this example in-
cludes only global quantum superpositions. Also, the
state |ψ(±)3 〉 is entangled regardless of the choice of the
tensor product, Γ(sep,0) = 3 > 0 and Γ(sep,±) = 1 > 0.
Hence, we have been able to identify different sources
and the relative strength of quantum correlations for two
qudits (see also Fig. 1). We could infer local (one- and
two-sided) superpositions as well as global ones. The
global quantum coherences have been related to the en-
tanglement. Moreover, we compared and identified the
impact of the exchange symmetry on the quantum co-
herence. For the studied examples, this included the in-
fluence on quantum correlations and entanglement from
the symmetrization.
8E. Mixed, continuous-variable bosonic state
To cover the case of a continuous-variable system, d =
∞, we may consider the bipartite state
|χκ〉 =
√
1− κ2
∞∑
k=0
κk|k〉 ⊗ |k〉, (34)
where 0 ≤ κ < 1. When the first and second subsystems
correspond to two optical modes, this state is termed a
two-mode squeezed-vacuum state. The state (34) is sym-
metric because |k〉 ⊗ |k〉 ∼= |k〉 ∨ |k〉 holds for all k. To
study a case where the test operator is different from the
actual state under study, we may also define the unnor-
malized vector
|χ〉 =
∞∑
k=0
|k〉 ⊗ |k〉. (35)
Thus, for the operator L = |χ〉〈χ|, we get
g(0)max = g
(+)
max = g
(sep,0)
max = 1 and g
(sep,+)
max = 2 (36)
from Sec. IV B and the Appendix.
Furthermore, let us include a decoherence process as a
possible source of loss of coherence [60, 61]. As an exam-
ple, we assume that the subsystems are jointly subjected
to a fluctuation of a phase ϕ, described by the unitary
operation U(ϕ) =
∑∞
k=0 e
ikϕ|k〉〈k|, which is uniformly
distributed over the interval [−∆ϕ/2,+∆ϕ/2]. Hence,
we have the mixed state
%∆ϕ =
+ ∆ϕ2∫
−∆ϕ2
dϕ
∆ϕ
U(ϕ)⊗2|χκ〉〈χκ|U(ϕ)†⊗2
=
∞∑
k,l=0
(1− κ2)κk+lsinc([k − l]∆ϕ)|k〉〈l| ⊗ |k〉〈l|,
(37)
using sinc(x) = sin(x)/x and X⊗2 = X ⊗ X. For the
nondephased case, ∆ϕ = 0, we retrieve the pure state in
Eq. (34), and we get an incoherent state for ∆ϕ = pi,
%pi = (1− κ2)
∞∑
k=0
κ2k|k〉〈k| ⊗ |k〉〈k|. (38)
This means %pi ∈ I(0) and %pi ∈ I(+). Finally, we can
compute the expectation value of L [62],
〈L〉 =〈χ|%∆ϕ|χ〉 =
+ ∆ϕ2∫
−∆ϕ2
dϕ
∆ϕ
1− κ2
1 + κ2 − 2κ cos(2ϕ)
=
2
∆ϕ
arctan
(
1 + κ
1− κ tan
[
∆ϕ
2
])
.
(39)
In Fig. 2, the dependence of the verified quantum cor-
relations on the dephasing parameter ∆ϕ is studied for
FIG. 2. (Color online) The expectation value of the test op-
erator L = |χ〉〈χ| [Eq. (35)] for the state %∆ϕ [Eq. (37)] is
shown as a function of the dephasing parameter ∆ϕ and for
κ = 1/2. The maximal expectation values for the different
forms of classical states [Eq. (36)] are depicted as horizon-
tal dashed and dot-dashed lines. For all ∆ϕ < pi, we verify
quantum coherence for the distinguishable and indistinguish-
able cases as well as for entanglement based on ⊗. Bosonic
entanglement, using ∨, is detected for a dephasing less than
the bound which is indicated by the vertical, dotted line.
κ = 1/2. Quantum coherence is equally well certified for
the scenario of distinguishable degrees of freedom and
the bosonic case, 〈L〉 > g(0)max = g(+)max, for the full interval
of dephasing parameters, 0 ≤ ∆ϕ < pi. Also, the entan-
glement with respect to the standard tensor product fol-
lows the same behavior. However, bosonic entanglement
cannot be detected by this observable from a certain de-
phasing onwards. Since g
(sep,+)
max > g
(sep,0)
max , the detected
bosonic entanglement is, in general, weaker than the en-
tanglement based on distinguishable particles.
F. Multiparticle correlations
Beyond bipartitions, multiparticle systems allow for
the possibility of global quantum correlations on a partial
or global scale. To study their meanings, let us consider
the tripartite examples
|ψ(0)4 〉 =|0〉 ⊗
|1〉 ⊗ |2〉+ |3〉 ⊗ |4〉√
2
,
|ψ(0)5 〉 =
|0〉 ⊗ |1〉 ⊗ |2〉+ |3〉 ⊗ |4〉 ⊗ |5〉√
2
,
|ψ(±)4 〉 ∼= Π±|ψ(±)4 〉, and |ψ(±)5 〉 ∼= Π±|ψ(±)5 〉.
(40)
Again, the states |ψ(±)n 〉 are the (anti)symmetric version
of the states |ψ(0)n 〉, n = 4, 5. In addition and by construc-
tion, the state |ψ(0)4 〉 is partially separable; the first mode
factorized from the joint mode consisting of the second
and third particles. The state |ψ(0)4 〉 is a GHZ-type state
9[63], which can be seen by applying local flip operators,
[F1 ⊗ F2 ⊗ F3]|ψ(0)5 〉 = (|0〉⊗3 + |1〉⊗3)/
√
2 [64].
First, let us focus on the relation between quantum
correlations (|ψ〉 /∈ C(0)), inseparability with respect to
full separations (|ψ〉 6= |a〉 ⊗ |b〉 ⊗ |c〉), and full entangle-
ment (i.e., no bipartition is possible). Note that quantum
correlations are required to have entanglement and that
partial inseparability implies full inseparability. For the
partially separable state |ψ(0)4 〉 using distinguishable de-
grees of freedom, we find
Γ(0) = 1, Γ(partsep,0) = 0, and Γ(fullsep,0) = 1, (41)
and for the GHZ-type state |ψ(0)5 〉 for distinguishable de-
grees of freedom, we get
Γ(0) = 1, Γ(partsep,0) = 1, and Γ(fullsep,0) = 1 (42)
(see Ref. [37] for the used bounds). Comparing the cor-
relation parameters (41) for partial separability, we can
confirm with our approach that the state exhibits quan-
tum coherence which originates entirely from full insepa-
rability, which was the idea of construction for this state
|ψ(0)4 〉 [Eq. (40)]. Analogously, we find that for the state
|ψ(0)5 〉, its quantum coherence is completely due to partial
inseparability, which also results in full inseparability.
After considering the relation between quantum coher-
ence and different forms of entanglement, let us now focus
on the interplay between quantum correlations and the
exchange symmetry. For the state |ψ(±)4 〉, we find
Γ(0) = 11 and Γ(±) = 1. (43)
When we considers that the exchange symmetry is a
source of coherent quantum superpositions, it is ex-
pected to have stronger quantum correlations than in the
case that does not make this assumption. This means
Γ(0) > Γ(±) [Eq. (43)]. Note that for the state |ψ(±)5 〉, we
get the same parameters as those given in Eq. (43). This
means that the type of entanglement has no influence on
the quantum coherence in this example.
Like for the proof of principle demonstrated here for
the tripartite case, we can study multiparticle scenarios
with N > 3 as well. For a large number of particles,
N  1, one can speak about a macroscopic system [65].
In particular, inseparability in such a scenario can be
present in various, complex forms (see, e.g., Ref. [66] for
an overview and Refs. [67–70] for recent studies). This
makes the entanglement certification more sophisticated.
However, the identification of quantum coherence does
not add complexity, and it was formulated in its general
form for an N -particle system in Sec. IV B.
V. CONCLUSIONS
In summary, we studied the detection of quantum
coherence to identify the source of quantum interfer-
ence. In particular, we characterized quantum correla-
tions which originate from local quantum superpositions,
global quantum superposition, and the exchange symme-
try. For this reason, different forms of entanglement have
been additionally determined in connection with global
quantum coherence and in relation to the bosonic and
fermionic features of a multiparticle quantum system.
We applied our approach, formulating measurable quan-
tum correlation criteria, to a compound quantum system
which consists of multiple qudits.
When generalizing the single-particle notion of quan-
tum coherence to a system of multiple indistinguishable
particles, we found that there are two possibilities to
perform this task. Namely, one can include or exclude
the (anti)symmetrization requirement in the definition
of multimode quantum correlations. Naturally, this can
lead to different interpretations of the strength of quan-
tum effects. However, it was also elaborated that this
can be beneficial as it allows us to discern the origin of
quantum correlations, which can be dependent on or in-
dependent of the exchange symmetry of the joint system.
Furthermore, we discussed the role of quantum entan-
glement in connection with quantum coherence. The in-
separability is one quantum correlation, which is even in-
dependent of the single-particle notion of a classical state.
Again, we were able to infer the impact of the exchange
symmetry of indistinguishable particles on this form of
global quantum coherence. This enabled us to classify
effects which originate from different forms of multipar-
ticle entanglement, including instances of partial and full
entanglement.
To access such different types of quantum effects in a
measurable form, we formulated witnesses to probe the
individual forms of quantum properties. Let us point out
that this method is based on the same observable for all
types of quantum correlations. In the case of pure states,
we determined the optimal choice of such an witness ob-
servable, which is a rank-one operator identical to the
state under study. Furthermore, we also demonstrated
that the general method applies to mixed continuous-
variable states too. Our collection of comprehensive ex-
amples included studies of local (one- and two-sided) and
global superposition states in the bipartite and multipar-
tite scenarios of finite-dimensional qudits and an infinite-
dimensional case in systems of distinguishable and indis-
tinguishable particles.
Therefore, we performed a joint characterization of
quantum coherence, quantum entanglement, and the ex-
change symmetry in systems of many indistinguishable
particles. Applicable criteria have been formulated to
probe and discriminate the origins of quantum effects.
Thus, our general method allows us to classify the com-
position of quantum correlations, which is useful for the
fundamental understanding of the superposition princi-
ple as well as for applications in quantum technology.
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Appendix: Entanglement detection
For probing the various forms of entanglement, let us
consider the construction of entanglement probes of the
form [36, 37, 48]
〈L〉 > g(K-sep)max , (A.1)
where g
(K-sep)
max is the maximal expectation value of L for
K-separable states. Here, a pure separable state has the
general form P[|x1〉⊗ · · ·⊗ |xK〉], where K indicates that
we consider a K partition and P = P† = P2 is an orthog-
onal projection operator. The problem of finding the
bound g
(K-sep)
max leads to the so-called separability eigen-
value equations [36, 37, 48],
Lx1,...,xj−1,xj+1,...,xK |xj〉 = gPx1,...,xj−1,xj+1,...,xK |xj〉,
(A.2)
for all j = 1, . . . ,K and using the definition (X = L,P)
Xx1,...,xj−1,xj+1,...,xK
=tr1 · · · trj−1trj+1 · · · trK
[
X
× |x1〉〈x1| ⊗ · · · ⊗ |xj−1〉〈xj−1| ⊗ Ij
⊗ |xj+1〉〈xj+1| ⊗ · · · ⊗ |xK〉〈xK |
]
,
(A.3)
which defines an operator acting on the jth party and
which depends on the vectors |xi〉 for i 6= j; Ij is the
identity operator of the jth subsystem. The separability
eigenvalues g in the coupled set of equations (A.2) yield
the bound g
(sep)
max for the entanglement condition (A.1) as
g(K-sep)max = max{g : g solves Eqs. (A.2)} (A.4)
(cf. [36, 37, 48]). Let us also mention that we assume
that [L,P] = 0 to ensure that L acts on the subspace
projected by P, and we assume that P can be either the
identity I for distinguishable particles or the permutation
operators in Eq. (10) for indistinguishable ones.
For self-consistency, we list the known solutions which
are relevant for this work. Especially, we consider oper-
ators of the form
L = |ψ〉〈ψ|. (A.5)
The required commutator relation [L,P] = 0 and the
idempotence P2 = P imply that P|ψ〉 = |ψ〉. For instance,
we can write for the bipartite scenario of distinguishable
degrees of freedom (i.e., P = I) that
|ψ〉 =
d−1∑
k=0
λ
(0)
k |ek〉 ⊗ |fk〉 (A.6)
which is the Schmidt decomposition of |ψ〉 ∈ H⊗2 [8],
that is the singular-value decomposition of the coefficient
matrix M = (ψk,l)
d−1
k,l=0 of the vector |ψ〉 =
∑
k,l ψk,l|k〉⊗
|l〉 [71]. It was shown in Ref. [36] that the maximal
separability eigenvalue is given by
g(sep,0)max = max
k
(λ
(0)
k )
2. (A.7)
In the scenario of indistinguishable particles, the coeffi-
cient matrix M is symmetric for bosons (M = MT) and
antisymmetric for fermions (M = −MT). This means
P = Π+ for bosons and P = Π− for fermions. Using
the corresponding matrix decompositions for those cases
[71], the vector |ψ〉 can be written for the bosonic case as
|ψ〉 =
d−1∑
k=0
λ
(+)
k |ek〉 ⊗ |ek〉. (A.8)
For fermions, the so-called Slater decomposition is simi-
larly obtained,
|ψ〉 =
bd/2c∑
k=0
λ
(−)
k (|e2k〉 ⊗ |e2k+1〉 − |e2k+1〉 ⊗ |e2k〉) .
(A.9)
Finally, we get the maximal separability eigenvalues,
g(sep,+)max = max
k>l
(
(λ
(+)
k )
2 + (λ
(+)
l )
2
)
,
g(sep,−)max = max
k
(
2(λ
(−)
k )
2
)
,
(A.10)
from Ref. [48].
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